Abstract. Polytope theory has produced a great number of remarkably simple and complete characterization results for face-number sets or f -vector sets of classes of polytopes. We observe that in most cases these sets can be described as the intersection of a semi-algebraic set with an integer lattice. Such semi-algebraic sets of lattice points have not received much attention, which is surprising in view of a close connection to Hilbert's Tenth problem, which deals with their projections.
Introduction
Inspired by this, Grünbaum in 1967 [12, Sec. 10.4] and subsequently Barnette and Reay characterized the sets Π ij (F 4 ) of all pairs (f i , f j ) that occur for 4-dimensional polytopes. Again they got complete and reasonably simple answers: They found that in all cases this is the set of all integer points between some fairly obvious upper and lower bounds, with finitely many exceptions.
In our work here we start with a formal definition of what we mean by a "simple answer": For this recall that a basic semi-algebraic set is a subset S ⊆ R d that can be defined by a finite number of polynomial equations and inequalities. A semi-algebraic set is any finite union {(x, y) ∈ Z 2 : x = 2y} is a semi-algebraic set of integer points, but its projection to the first coordinate Π 1 (A) = 2Z is not if we insist that the lattice is Z. This is relevant for f -vector sets, as for example every simplicial 3-polytope satisfies 3f 2 = 2f 1 , so f 2 is even and f 1 is a multiple of 3. Consequently Π 2 (F 3 s ) = {4, 6, 8, . . . }, the set of all possible facet numbers of simplicial 3-polytopes, is not a semi-algebraic set of integer points, but it is a semi-algebraic set of lattice points: Definition 1.2 (Semi-algebraic sets of lattice points). A subset A ⊂ R d is a semi-algebraic set of lattice points if it is an intersection set of a semi-algebraic set with an affine lattice, that is, if A = S ∩ Λ for a suitable semi-algebraic set S ⊆ R d and an affine lattice Λ ⊂ R d .
Here by an affine lattice we mean any translate of a linear lattice, that is, a discrete subset Λ ⊂ R d that is closed under taking affine combinations λ 1 a 1 + · · · + λ n a n for n ≥ 1 with λ 1 , . . . , λ n ∈ Z and λ 1 + · · · + λ n = 1. We will only consider integer lattices, that is, sublattices Λ ⊆ Z d . Moreover, without loss of generality we may always assume that the lattice is the affine lattice Λ = aff Z A spanned by A: The set of all affine combinations yields a lattice if A ⊂ Z d , and the lattice Λ has to contain aff Z A.
With the generality of Definition 1.2, a great number of characterization results achieved in the f -vector theory of polytopes imply that full f -vector sets or coordinate projections (that is, single face numbers or face number pairs) are semi-algebraic sets of lattice points. We will summarize this in Section 2.
Semi-algebraic sets of lattice points A ⊂ Z d are easy to identify and to characterize for d = 1; see the beginning of Section 3. However, already for sets in the plane A ⊂ Z 2 this becomes nontrivial. For example, the answer depends on the field of definition: The set {(x, y) ∈ Z 2 : y ≥ πx} is an R-semi-algebraic set of integer points, but not a Z-semi-algebraic set of lattice points.
Our two main results are the following: R-semi-algebraic set of lattice points.
In Section 3 we develop proof techniques, including the "Strip lemma." Based on this, the proof of Theorem 1.3 is given in Section 4 and the proof of Theorem 1.4 in Section 5.
Coordinate projections of semi-algebraic sets of lattice points are not in general again semialgebraic. Indeed, Matiyasevich's Theorem [16] (see Davis [10] and Matiyasevich [17] ) states that all recursively enumerable sets of integer points are Diophantine sets. Matiyasevich proved that every Diophantine set has rank at most 9 (see [14] , and most recently Sun [24] ), that is, it is the projection of the integer points of some semi-algebraic set defined over Z with at most 9 additional variables. Thus, in particular, f -vector sets of polytopes, like F d and F On the other hand, the semi-algebraic sets of lattice points that we consider in this paper are more restrictive than Diophantine sets: We are interested in the cases when a set cannot be described as the set of integer points of a semi-algebraic set (defined over Z or R) without additional variables. With the proof of Theorem 1.3, we will see that, for example, the set Π 12 (F 4 ) can be described using one additional variable (if we allow for inequalities, which is not usual in the context of Diophantine sets, but equivalent). The same is true for the f -vector set of simplicial 6-polytopes, F In summary, we will show that many f -vector sets are semi-algebraic (Section 2), while some are not (Theorems Theorem 2.1. The following sets of face numbers, face number pairs, and f -vectors, are Zsemi-algebraic sets of lattice points: Proof. In each case, the set in question is described as all the integers or integer points that satisfy a number of polynomial equations, strict inequalities, non-strict inequalities, or inequalities: (i) This is Steinitz's result [23] , as quoted in the introduction. In this case, the equation and inequalities are linear. It also includes the information that the f -vector set of simplicial 3-polytopes is F 
cs of centrally-symmetric 3-polytopes spans the lattice (2Z) 3 . Werner [25, Thm. 3.3.6] has described it as 2 . In order to show that Π i (F 2i+1 ) is a semi-algebraic set of integer points, we derive from [6] :
s for some integer s ≥ 1 and some prime p,
Hence, Π i (F 2i+1 ) is a semi-algebraic set of integer points if i + 2 = p s for all primes p and all integers s.
Let now i + 2 = p s for some s ≥ 1 and a prime p. Assume that we have a (2i + 1)-polytope P with a simplex facet such that gcd(f i (P ), p) = 1. Then using the construction of connected sums by Eckhoff [11] (see also [26, p. 274] ) to successively add copies of P , its dual P * , simple and simplicial polytopes, we obtain (2i + 1)-polytopes with all possible numbers n of i-faces for all sufficiently large n, that is, for n ≥ M (d, i).
To complete our proof, we give a construction of the polytope P . We consider two different cases. In the first case, let i + 2 = 2 s for some s ≥ 2. Since G(2i, i) = 1 we can find a simple 2i-polytope R with an odd number of i-faces. From [6] we get that
Thus R has an even number of (i − 1)-faces. Let Q be the connected sum R#R * of R and its dual. Then
is odd and Q has a simplex facet. Let now P be the bipyramid over Q. Then f i (P ) = 2f i−1 (Q) + f i (Q) is odd and P has a simplex facet.
In the second case, i+2 = p s for some integer s ≥ 1 and some odd prime p. Choose a simple 2i-polytope R with f 0 (R) ≥ i+1 and gcd(f i (R), p) = 1. Such a polytope R exists since G(2i, i) = 1. Let P 1 be the prism over R and P 2 the pyramid over R * . Then
, P 1 is a simple polytope and P 2 has f 0 (R) ≥ i + 1 simplex facets. Let P be the connected sum of P 2 and i + 1 copies of P 1 :
The resulting (2i + 1)-polytope P has a simplex facet and
which is coprime to p, since f i (R) is coprime to p. is the set of all integer points between a line and a parabola, with four exceptions, and Π 02 (F 4 ) is the set of all integer points between two parabolas, except for the integer points on an exceptional parabola, and ten more exceptional points.
(vii) The set Π 01 (F 5 ) was recently determined independently by Kusunoki & Murai [15] and by Pineda-Villavicencio, Ugon & Yost [20] : It is the set of all integer points between a line and a parabola, except for the integer points on two lines and three more exceptional points. (viii) The possible vertex numbers of cubical 3-polytopes are Π 0 (F 3 cub ) = {8} ∪ {n ∈ Z : n ≥ 10}.
Blind & Blind [7] [19] and Miyata [18] 
Proof Techniques
It is easy to see that a subset A ⊆ Z is a semi-algebraic set of integer points if and only if it consists of a finite set of (possibly unbounded) intervals of integer points. Equivalently, a subset A ⊆ Z is not a semi-algebraic set of integer points if and only if there is a strictly monotone (increasing or decreasing) infinite sequence of integers, with a 1 < a 2 < · · · or a 1 > a 2 > · · · , such that a 2i ∈ S and a 2i+1 ∈ Z\S.
The same characterization holds for semi-algebraic sets of lattice points A ⊂ R, where aff Z A takes over the role of the integers Z.
Examples of subsets of Z that are not R-semi-algebraic sets of lattice points include the set of squares {n 2 : n ∈ Z ≥0 }, the set {n ∈ Z : n ≡ 0 mod 3}, and the set {1, 2, 4, 6, 8, 10, . . .}. For subsets of Z 2 , or of Z d for d > 2, we do not have -or expect -a complete characterization of semi-algebraic sets of integer points.
There are some obvious criteria: For example, every finite set of integer points is semialgebraic, finite unions of semi-algebraic sets of lattice points with respect to the same lattice are semi-algebraic, products of semi-algebraic sets of lattice points are semi-algebraic, and so on.
However, these simple general criteria turn out to be of little use for studying the specific sets of integer points we are interested in. The "finite oscillation" criterion of the one-dimensional case suggests the following approach for subsets A ⊂ Z d : Lemma 3.1 (Curve lemma). If there is a semi-algebraic curve Γ that along the curve contains an infinite sequence of integer points a 1 , a 2 , . . . (in this order along the curve) with a 2i ∈ Γ ∩ A and a 2i+1 ∈ Γ\A, then A is not a semi-algebraic set of integer points. Similarly, if this holds with a 1 , a 2 , . . . ∈ Λ := aff Z A, then A is not a semi-algebraic set of lattice points.
However, for our examples the semi-algebraic curves Γ of Lemma 3.1 do not exist. Thus to show that a 2-dimensional set is not a semi-algebraic set of lattice points we develop a better criterion: Instead of the "curve lemma" we rely on a "strip lemma," which in place of single algebraic curves considers strips generated by disjoint translates of an algebraic curve.
In the following, we refer to Basu, Pollack and Roy [3] for notation and information about semi-algebraic sets. Proof. Assume that L is R-semi-algebraic, that is, there exists an R-semi-algebraic set S ⊂ R 2 such that L = S ∩ Λ. The boundary of S is the intersection of the closure of S with the closure of R 2 \S, bd(S) = S ∩ R 2 \S. The Tarski-Seidenberg theorem yields that the closure of a semialgebraic set in R d is again a semi-algebraic set [3, Prop. 3.1] . The boundary bd(S) is the intersection of two semi-algebraic sets and hence itself a semi-algebraic set.
Any semi-algebraic set consists of finitely many connected components, all being semi-algebraic [3, Thm. 5.19] .
From this we want to derive that for any strip of algebraic curves C there exists a substrip C J of C such that for some n ≥ 0, all lattice points (a, b) ∈ Λ with a ≥ n in the substrip belong entirely to L, or all of them do not belong to L.
Denote by β 1 , . . . , β m all those connected components of bd(S) that contain points (x, y) ∈ R 2 with arbitrarily large x in a strip C. If such components do not exist, then either all points of C ∩ Λ with sufficiently large x-coordinate (that is, all but finitely many of these points) lie in L, or all of them do not lie in L.
The intersection of a semi-algebraic component β j and any semi-algebraic curve γ t is again semi-algebraic, so it consists of finitely many connected components. Thus for any given β j and γ t , β j has finitely many branches to infinity such that each branch eventually (for all sufficiently large x-coordinates) stays above γ t , or below γ t , or on γ t . Thus by continued bisection we find that there exists some value n ≥ 0 such that the restriction of each β j to x ≥ n has finitely many components, each of which either lies on a curve γ t , or it is a curvilinear asymptote to some curve γ t . Let the components of {(x, y) ∈ β j : x ≥ n } be asymptotic to (or lie on) γ t1 , . . . , γ t k , with 0 ≤ t 1 ≤ · · · ≤ t k ≤ 1, and let [δ 0 , δ 1 ] ⊂ [0, 1] be an interval interval of positive length (that is, with δ 0 < δ 1 ) that is disjoint from {0, t 1 , . . . , t k , 1}. Then there exists an n ≥ 0 such that the lattice points (a, b) ∈ Λ with a ≥ n contained in the substrip obtained from [δ 0 , δ 1 ] either all belong to L or they all do not belong to L.
Edge and ridge numbers of 4-polytopes
In this section we prove Theorem 1.3.
Theorem 4.1 (Barnette [1, Thm. 1], see also [13] , with corrections). Let f 1 and f 2 positive integers with f 1 ≥ f 2 . Then there is a 4-polytope P with f 1 (P ) = f 1 and f 2 (P ) = f 2 if and only if
and (f 1 , f 2 ) is not one of the 13 pairs (12, 12), (14, 13) , (14, 14) , (15, 15) , (16, 15) , (17, 16) , (18, 16) , (18, 18) , (20, 17) , (21, 19) , (23, 20) , (24, 20) , (26, 21) .
The case when f 1 (P ) ≤ f 2 (P ) is given by duality. See Figure 2 . Now we show that there is no semi-algebraic description of the set of pairs (f 1 , f 2 ) by proving that the set
is not a semi-algebraic set of lattice points. See Figure 3 . The proof strategy is the following: In Lemma 4.2 we give an alternative description of the set. In Lemma 4.3 we observe that our set has the property described in Lemma 3.3, which implies that the set is not an R-semi-algebraic set of lattice points. 
if and only if with the two strips that will play a crucial role in the proof that the set is not semialgebraic, see Lemma 4.3 and its proof.
Proof. Let x, y ≥ 0 be integers. We consider three separate cases:
Case a : y > In Case a the first part of condition (3) (2) is not satisfied. On the other hand, observe that r lies in the range from 0 to 1 in the second part of condition (3) . This shows us that condition (3) is not satisfied either.
In Case b we prove the equivalence of condition (2) and (3) 
This shows that condition (2) holds if and only if r ∈ [ In the first case, x is even. In the second case, if √ 4x + 9 and 4(i 2 + i − 2j) + 1 are integers, then they are odd integers. In both cases x is an even integer, which contradicts the assumption. Together, we obtain that conditions (2) and (3) are equivalent for odd x, for r ∈ [0, 1].
Let x now be even, x = 2k for some k ≥ 0, and y = 
Let i := y − k − 2 and j :=
Thus we have that (y, k) ∈ Z 2 if and only if (i, j) ∈ Z 2 . Observe that if y, k ≥ 0 and r ∈ [0, 1], then by (5), y ≥ k + 3, so i ≥ 1. It follows that r ∈ [0, 1] if and only if 0 ≤ j ≤ i. On the other hand, if i ≥ 1, j ≥ 0 and r ∈ [0, 1], then j ≤ i, so from (6) it follows that y ≥ 0 and from (7) it follows that k ≥ 0 if i ≥ 2. If i = 1 and j = 0, then (y, k) = (3, 0). We exclude the special case (i, j) = (1, 1), r = 1, (y, k) = (2, −1). This proves that y and k are non-negative integers with r = y − k − ] ∩ Q, there are two sequences of curves, γ r1(n) and γ r2(n) , such that |γ r0 − γ r1(n) | and |γ r0 − γ r2(n) | converge to 0. Each γ r1(n) contains an integer point x 1 (n), y 1 (n) from the set A defined by (1) with x 1 (n) → ∞ as n → ∞. Each γ r2(n) contains a point x 2 (n), y 2 (n) from Z 2 ≥0 \A with x 2 (n) → ∞ as n → ∞.
Proof. Let r 0 ∈ [0, 1 2 [ be a rational number, r 0 = p q , p, q ∈ Z ≥0 . Let i = nq, j = np for some n ∈ Z ≥0 , r 1 (n) = i + (1), and x 1 (n) → ∞ as n → ∞. Now let i = 2nq, j = 2np for some n ∈ Z ≥0 , r 2 (n) = i + 1 − (i ) 2 + 2i − 2j + is not an R-semi-algebraic set of lattice points.
Proof. It follows from the proof of Lemma 4.2 that A can be written as the disjoint union of the sets A 1 and A 2 , where for some i, j ∈ Z ≥0 , i ≥ 1, 0 ≤ j ≤ i . 
